We investigate the scalar mode of perturbation of super inflation in the version of loop quantum cosmology in which the gauge invariant holonomy corrections are considered. Given a background solution, we calculate the power spectrum of the perturbation in the classical and LQC conditions. Then we compute the anisotropy originated from the perturbation. It is found that in the presence of the gauge invariant holonomy corrections the power spectrum is exponentially blue and the anisotropy also grows exponentially in the epoch of super inflation.
I. INTRODUCTION
The inflation model is the most promising one subject to observational tests in cosmology, which can express the origin of the large scale structure in the Universe [1] [2] [3] [4] [5] [6] . In the form of inflation theory, all the structure we see in the Universe is a result of quantum fluctuations during the inflation epoch, including the observed cosmic microwave background (CMB) anisotropy and the large-scale distribution of galaxies and dark matter. However, what fundamental theory the inflation seems to arise from is still a question. In the simplest versions, inflation is realized by a scalar field, whose kinetic energy is negligible compared to the potential energy. Other theories such as string and M theory can also give rise to inflation. In this paper we focus our attention to the form of loop quantum gravity(LQG) [7] [8] [9] .
Loop quantum gravity (LQG) is a background independent and nonperturbative canonical quantization of general relativity. The variables used here are the holonomies of the connection and fluxes of the triad. Its cosmological version, the loop quantum cosmology (LQC) [10] , which is the application of LQG to symmetric states (see Refs. [11] [12] [13] ), has achieved many successes. In particular, LQC can lead to a nonsingular evolution of the Universe [14] , with the behavior being traced to the discreteness of the spacetime. Although the scheme of the evolution is fascinating, the rigorous approach is very difficult to afford and it is not easy to connect it with the existing theories based on classical dynamics. In dealing with this problem, another approach based on the effective or semiclassical equations comes out. Given modifications of the discreteness of spacetime to the classical dynamics, a number of important quantum effects can arise. There are two types of corrections that are expected from the Hamiltonian of LQG. One is theinverse volume correction and the other is the holonomy correction. With the inverse volume correction, the classical * Electronic address: yuexiaojun@mail.bnu.edu.cn † Author to whom correspondence should be addressed; Electronic address: zhujy@bnu.edu.cn dynamics is modified to include high energy corrections that originate from the specrtra of quantum operators related to the inverse scale factor [15] [16] [17] . The holonomy correction is due to the use of holonomies as a basic variable in the quantization scheme [18] [19] [20] [21] .
One of the most interesting quantum effects due to LQC is the presence of a super inflation epoch which occurs during the early phase of the Universe after the big bounce, independently of the potential [22, 23] . In classical dynamics, the standard inflation is driven by a self-interacting potential and super inflation cannot happen unless bringing in the exotic matter, which violates the null energy condition (NEC). However, in LQC it is shown that the super inflation period will happen independently of the form of the potential [24] . LQC predicts an era of super inflation irrespective of whether it is followed by a standard slow-roll inflation or not.
Because of the robustness of the super inflation in LQC, it makes great sense to study the perturbation and anisotropy given by such a phase. The application of the scalar mode perturbation with inverse volume correction can be found in [25] , the vector mode in [26] , and the tensor mode in [27] . However, when the perturbation of inhomogeneities around the Friedmann-Robertson-Walker spacetime is investigated the anomaly problem appears. When attempting to include the corrections of LQC, the constraints with the presence of quantum corrections are not anomaly-free, which means the derived background equations can no longer be compatible with all the terms in the perturbation equation. This problem is solved in the inverse volume correction scenario by adding counterterms to the constraints to eliminate the anomalous terms and making the constraint algebra to be closed [28] . The gauge invariant cosmological perturbation equations are also derived in [29] .
Scalar perturbation with holonomy corrections have also been studied in [30] , and the power spectrum of the perturbed scalar field is also calculated in [31] . However, most of the previous investigations are based on calculations which are not anomaly free and the power spectrum calculated is also under the approximation that the background spacetime is unperturbed and only the scalar field is perturbed. Recently, the gauge-invariant scalar mode perturbation with holonomy corrections has been found in [32] , where it is also obtained by introducing counterterms to eliminate the anomaly problem as in the inverse volume correction case, and the equations of perturbation are also derived in that paper.
With the quantum effects described by LQC, it is natural to ask whether the signatures of the super inflation period can be obtained. To answer this question, we have to consider the power spectrum and anisotropy produced by this epoch. In this paper we focus our attention to the scalar mode perturbation with the gauge-invariant form of holonomy corrections. We calculate the power spectrum and anisotropy risen by a scalar field in classical dynamics and in LQC with holonomy corrections, respectively, and find the quantum effects in this period.
This paper is organized as follows. The gauge-invariant scalar mode perturbation with holonomy corrections is presented in Sec.II. In Sec.III and Sec. IV we calculate, respectively, the power spectrum of the perturbation during the super inflation epoch and the anisotropy during this period. At last, in Sec. V, we give some discussion and conclusion.
II. SCALAR PERTURBATION OF LQC
In this section, we review briefly the gauge-invariant formalism of the cosmological perturbation theory with holonomy correction in LQC. The detailed derivation can be found in [32] . For the scalar mode perturbations, along with the background FRW metric, the line element takes the form
where the scale factor a is a function of the conformal time τ , the spatial indices a and b run from 1 to 3, and φ, ψ, E, and B are scalar perturbation functions. In the Hamiltonian framework, the background variables arek,p,φ, andπ, while the perturbed variables are δK i a , δE a i , δϕ, and δπ. When the holonomy corrections are taking into account in the scalar mode perturbation, we have to add some counterterms in the Hamiltonian to eliminate the anomalies. The explicit form of holonomy-modified gravitational Hamiltonian constraint can be written as and
The counter-terms α i are given by
and Ω is defined as
where ρ c is the critical energy density.
A. Background equations
Using the anomaly-free conditions [32] , we can get the equations of motion for the canonical variables through the Hamilton equation
where the Hamiltonian H[N, N a ] is the sum of all constraints
The equations of the background variables are the following:k
where the ′ means the differentiation with the conformal time τ . Now we setN = √p , and then we can combine Eqs. (8) and (9) to the Klein-Gordon equation
In addition, Eq. (7) can lead to the modified Friedmann equation
where H is the conformal Hubble rate and has the expression
Another useful expression is
In this paper, we consider the situation in LQC that the matter is introduced as a normal scalar field which satisfies the energy condition, in which the energy density and pressure are given by, respectively,
B. Perturbation equations
The equations for the perturbed parts of the canonical variables are, respectively
and
where
Applying the above expressions to the left of Eq. (14), one can get the following expression
(18) Furthermore, applying Eq. (15) to the left-hand side of Eq. (16), one can also get two other equations, which correspond to the diagonal and off-diagonal parts:
The following diffeomorphism constraint equation
can be expressed equivalently as
And, in addition, with the expressions of δK i a and δE a i , the perturbed part of the Hamiltonian constraint,
can be written equivalently as
Finally, we give out the gauge transformation forms with scalar perturbations under a small coordinate transformation
Taking into account the holonomy corrections, the transformations of the metric perturbations can be expressed as follows
and the following gauge transformations of the time derivative of a variable X can also be expressed as
It is possible to define the Mukhanov variable as follow
and we can derive the corresponding dynamical equation
It is also possible to define the perturbation of curvature R such that
III. POWER SPECTRUM
In this section we calculate the power spectrum of the perturbed field. As a comparison we first calculate the spectrum in the classical condition, then we investigate the power spectrum in the LQC form with the holonomy corrections.
A. Power spectrum in the classical condition
In the classical condition, the time derivative of the Hubble parameter iṡ
where ρ is the total energy density and P is the pressure. We can see from the above equation that the super inflation cannot happen in the classical condition unless the null energy condition (NEC) is violated:
As the simplest example of super inflation we consider the case with an exponential potential:
where σ K , σ V = ±1. The case with σ K = σ V = −1 leads to solutions in Euclidean time which are not considered here. The case with negative potential (σ K = −σ V = 1) leads to the simplest single field realization of the Ekpyrotic scenario [33] . The case σ K = −σ V = −1 leads to a stage of the super inflation solution which we will consider here:
where m = −2/λ 2 . In the standard super inflation, the Hubble parameter H increases rapidly, at a rate which is much faster than the scale factor a. Such a solution is characterized by a constant state parameter w = −1 + 2/(3m) < 1 and H = m/t > 0, where super inflation happens.
We can also write the solution in the conformal time τ :
where p = m 1−m and p < 0. From the mass conservation equationρ
and the form of energy density Eq.(33), we can obtain the equation of the homogeneous background scalar field
From the perturbed Einstein equation δG µν = δT µν we can get the equations of the scalar perturbations:
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where δu = − δϕ ϕ ′ and the expression of δρ and δP can be derived from Eq.(33).
We know that the intrinsic spatial curvature of hypersurface on constant conformal time τ is
and the variable R is the curvature perturbation on thecomoving hypersurface, where δϕ = 0, i.e.,
By defining
[see Eq. (30)], where
we can derive the Mukhanov equation from Eqs. (38)- (41):
Applying the solution equation (35) to the above equation and going to the Fourier space, we obtain
The general solution is
where A and B are constants and H
ν are Hankel's functions of the first and second kind, and x = −kτ . If we impose that in the ultraviolet regime k ≫ aH(−kτ ≫ 1) the solution matches the plane wave solution e −ikτ / √ 2k that we expect in flat space time. On the other hand, the asymptotic behavior of Hankel functions is
We have to set B = 0 and A = 
When the mode gets to the horizon, the Hankel function is H
, so the function (44) becomes
Neglecting the constant phase factor, we can get from the definition equation (42)
(46) The resulting power spectrum is as follows:
If the power spectrum is scale invariant, we have to require ν = 3 2 which leads to p = −1. However, the relation that m = 1 1+p require p not to be −1. The spectra is a little red tilt and we can choose p = −1 − δ where δ is a small positive quantity. With this the spectral index n R is
Although in the classical condition with the matter violating the null energy condition, the super inflation epoch can lead to a nearly scale-invariant power spectrum with a little red tilt, the solution is not the standard super inflation during which the Hubble factor rapidly increases that is much faster than the growth rate of the scale factor. In this condition, p → 0 and the parameter ν can be expanded in p: ν ≈ 
B. Power spectrum in LQC with holonomy corrections
Given the gauge-invariant form of scalar perturbation with holonomy corrections in the previous section, we are now ready to calculate the spectrum during the super inflation epoch.
The energy and pressure of the scalar field are given by
which is normal matter in contrast with the classical case. Given this, the time derivative of the Hubble rate iṡ
We can see that, near the bounce, the energy density is ρ ≈ ρ c and the super inflation happens. In this paper we use the background solution given in [31] to calculate the power spectrum. The potential is
Now we define the parameter
Considering the regime where ρ c /ρ ≈ 1, we can see λ is a constant and by integrating λ the U part of the scalar potential is given by
The scale factor undergoes a power law evolution
where τ is negative, and
The time derivative and the potential expressed in the conformal time τ yields
We can see that in this solution, the parameter p → 0 corresponds to the standard fast-roll super inflation, which occurs when the field ϕ is rolling down a steep potential. The equation of the variable v is Eq.(28)
and the squared velocity of the perturbation is 
We can Fourier decompose v to give
Given Eq. (29), Eq. (53), and Eq(56) we can get the explicit expression of z as
and we have
In order to solve this equation, we have to substitute the variable τ into the new variable τ ′ := iτ and the above equation becomes
which is the same as the classical case. The general solution of Eq. (58) is
which is also the same as the classical case and A and B are constants and H
ν are Hankel's functions of the first and second kind. However, in this case x = −ikτ . At early times when the mode is deep inside the horizon, k ≫ aH(| − ikτ | ≫ 1) and the solution of Eq. (58) is
We have used the original variable τ for convenience.
There are two modes in Eq.(59) and the solution is a composition of them. Now we discuss the case that the subhorizon solution depends only on each of the modes, respectively, and then consider the general case which is a composition of the two modes. If the solution depends on the mode e kτ only, it can be written as
This equation is an exponent function which varies as τ changes its value, as a result it cannot be normalized at every time. To specify the parameters D 1 , we choose a definite time τ 0 to normalize it and the variable v k is written to be
On the other hand, when |x| ≫ 1, the Hankel function is
As we choose the ultraviolet limit to be Eq.(61), we can fix the constant B = 0 and A = . Therefore, we have
We can now look at the long wavelength limit. On superhorizon scales, k ≪ 1 and for a specific finite time τ this corresponds to |x| ≪ 1. Since
, with this, in the superhorizon limit, the solution is
On the other hand, if we choose the ultraviolet to be the mode e −kτ , we have to set the constant A = 0 and
. In this case
Since
we can see in the superhorizon limit
Comparing Eq.(63) and Eq.(65) and neglecting the constant phase factor, we can see that in the latter equation the factor e −kτ0 is replaced by the new factor e kτ0 . In the general case, the solution is a composition of the two modes, so that the variable v k is
where C and D are complex constants. Here we also have to normalize it at the definite time τ 0 . As v 1k (τ 0 ) = 1 and v 2k (τ 0 ) = 1, the constants C and D satisfy the normalization condition
From the superhorizon limit of v 1k and v 2k [Eq.(63) and Eq.(65)] we have the superhorizon limit of the general case:
where C and D satisfy Eq.(67). From Eq. (30), R can be written as
where we used the expansion ν = 1 2 − p as we only consider the standard super inflation. The power spectrum is
If we write τ 0 to be p a0H0 , the above equation turns out to be
where the subscript "0" indicates quantities at the conformal time "τ 0 " which we choose to normalize. We know that k = aH and we can see that when the super inflation occurs, the power spectrum varies as k increases. We can consider two different limits:p(aH/a 0 H 0 ) → 0 and p(aH/a 0 H 0 ) ≫ 1. When p(aH/a 0 H 0 ) → 0, the factor e ±kτ0 → 1. As a result,
which is not scale invariant and has blue indices
If the other limit, p(aH/a 0 H 0 ) ≫ 1, is considered the power spectrum is
which is an exponentially blue spectrum. In Fig. 1 , different initial conditions are considered. We assign different real numbers to the constants C and D. When the wave number increases to a great multiple, the function images of different initial conditions are the same but translated in the x axis. We can also see that when pk/a 0 H 0 < 1 the image approaches the cubic function. It can be verified that when C and D are complex numbers the graphs indicate the same signatures. When aH increases sufficiently compared to the initial value a 0 H 0 , all the images turn out to be an exponential shape, which means different k corresponds to different indices and the indices increase sufficiently as k grows.
In Fig. 2 we can see the slope of the power spectrum curve increases as p grows.
IV. ANISOTROPY
In this section we will consider the anisotropy which is sourced by scalar perturbation. Anisotropy is described by the shear of the constant time hypersurface. In the case of the scalar perturbation metric Eq.(1), the shear is given by (see Appendix B of [34] )
where the scalar shear perturbation is defined as
Given this we can calculate the anisotropy in the classical and quantum conditions.
A. Anisotropy in the classical condition
The variable R is the curvature perturbation on the comoving hypersurface, where δϕ = 0,
In this gauge the scalar mode perturbations can be represented by the gauge-invariant quantities
In this gauge, you can verify that Eqs. (38)- (40) turn out to be the simple form:
Using Eqs. (78) and (79), and eliminating φ c , we can get
We can also eliminate φ c , σ c and replace R with the variable v to derive the Mukhanov equation. Going to the Fourier space we can get
Applying the solution Eq.(34) and the expression Eq.(46) to the right of the above equation, we can get
As a comparison of the quantum case, here we consider the standard super inflation where we can expand the parameter ν = 1 2 −p and find that the first term approaches 0. As a result the main contribution of the anisotropy is due to the second term:
We can also see that the anisotropy scales equally as −τ ∼ a 1/p near the bounce, which leads to
We know that p is negative and |p| ≪ 1. As a result, the anisotropy sourced by the scalar perturbation in the isotropic background is much more sensitive to the scale factor a, than the anisotropy derived from the standard anisotropic background which is proportional to 1/a 3 . To see how the anisotropy grows, we estimate the size of the anisotropy:
and the integration is carried over the modes exited in the horizon:
where we used the relationship τ = p/aH.
B. Anisotropy in LQC with holonomy corrections
In the comoving gauge, Eq. (23) and Eq. (25) turn out to be
Eliminating φ c we can get
We can see that the scalar shear and the curvature perturbations source each other. We Fourier decompose the above equation and have
With Eq.(53) we can get
When we expand ν = 1 2 − p, we can see that as in the classical case, the first term in the above equation approximates 0. As a result, the main contribution is from the second term which decreases as the conformal time τ varies towards 0: We can also see that the anisotropy scales equally as −τ ∼ a −1/p near the bounce, which is the same as the classical case, and as Eq. (85), σ s ∝ a 1 p −1 . Now we estimate the size of the anisotropy. As Eq.(86), we have
where in the last step we have neglected the order of p. The integration is carried over the modes that exit the horizon; one can get
The images of how σ 2 varies with aH are shown in Fig. 3 and Fig. 4 . We can see from Fig. 3 that, as in the power spectrum case, the magnitude of the anisotropy increases exponentially as aH increases to great large multiples compared to the initial value a 0 H 0 . Different initial conditions only translate the images in the k axis but do not change the shape. We can also see from Fig.  4 that when the value of p increases, the slopes of the curves also increase.
V. DISCUSSION AND CONCLUSIONS
In this paper we have studied the power spectrum and anisotropy in the super inflation epoch, respectively, in the classical condition and in LQC with holonomy corrections and the gauge-invariant scalar mode perturbation.
In the classical condition, the super inflation is driven by matters that violate the null energy condition. In this case the super inflation epoch can produce a scaleinvariant power spectrum with small red tilt by choosing the parameter p → −1 in the super inflation solution. However, this epoch is not the standard super inflation where the Hubble parameter H grows rapidly with a rate that is much faster than the growth rate of a. In other words, if the power spectrum is scale invariant, the scale factor a also has to grow rapidly with the rate compared to the rate of the growth of H. On the other hand, if the epoch is a standard super inflation, the power spectrum is not scale invariant and has blue indices.
In contrast to the classical condition, in LQC with gauge-invariant holonomy corrections, the power spectrum never has a scale-invariant form and has blue indices no matter how we choose the parameter p in the super inflation solution.
In addition to the difference from the results in the classical condition, this is also different from previous investigations in LQC. The power spectrum of super inflation has already been studied in the form of LQC in previous calculations. In [35] , the primordial spectrum is calculated with inverse-volume corrections and in [31] the holonomy corrections are also considered. However, these investigations are based on the perturbation theory which is not anomaly free. Besides that, in these cases the background spacetime is approximately unperturbed and the whole perturbation is due to the scalar field. With this approximation the power spectrum can be scale invariant when the parameter p → 0, which corresponds to the standard fast-roll super inflation. The study in this paper shows that, with the gauge-invariant form of perturbation, the scale-invariant power spectrum can never be achieved. In our investigation, we also find that the indices of the spectrum are not a constant but grow with the wave number k. When k grows to a sufficient multiple of the beginning a 0 H 0 , the spectrum approaches an exponential function with the wave number k.
Then we calculated the anisotropy originated from the perturbation in classical condition and in LQC, both of which are in the standard super inflation. We find out that in both cases the anisotropy increases when aH grows during inflation. In the classical condition, the anisotropy grows as (aH) 4 . In the LQC case, the perturbation R grows exponentially, the anisotropy produced by the perturbation also grows exponentially, which is much faster than the classical case.
As the parameter Ω is negative during super inflation, the perturbation is unstable during this period. This causes the exponentially blue power spectrum of curvature perturbations and the exponentially increasing anisotropy. The power spectrum we calculated here is not fit to the one observed today which is nearly scale invariant. This means that the power spectrum observed today is not produced by the super inflation epoch. In LQC, when the energy density is 1 2 ρ c < ρ < ρ c , the super inflation happens, after which the standard inflation follows. The observable today is very likely to be originated to the standard inflation epoch. When the standard inflation happens in LQC, ρ ρc ∼ 1 2 , which corresponds to the parameter Ω ∼ 0. In this case the inflation epoch is also different from the classical case where Ω = 1. The transition phase from super inflation to standard slow-roll inflation is investigated in [36] . The calculation of the power spectrum produced by this period is not of concern for this paper. In [37] , [38] , [39] , and [40] the inflationary power spectrum for gauge-invariant perturbations has been computed for inverse-volume corrections. However, the calculation of the power spectrum with holonomy corrections in the anomaly-free form is still an open issue and requires future investigations. The super inflation is a period just after the "big bounce", when this epoch happens the Hubble horizon contracts and the inhomogeneities of wavelength larger than the horizon is "frozen". In the following standard inflation, the structure produced by super inflation expands as a increases, and as a result, the structure has the longest wavelength compared to the structure produced by the standard inflation epoch. The observation of the power spectrum may be out of reach today, but the exponentially blue indices are still a signature of the structure of that period.
The anisotropy observed today is very small, but, according to our calculations, the anisotropy during the super inflation increases exponentially as aH grows. Since experiments from standard inflation suggests that approximately 60 e folds of growth of aH are required for consistency with observations, it seems disappointing that the resultant anisotropy during super inflation may be unacceptable. However, all the e folds are not produced by the super inflation epoch. In the following standard inflation epoch the scale factor a changes rapidly as H remains nearly constant, which can also make aH grow sufficiently. If the super inflation epoch is short enough and the growth of aH is not very enormous, the divergence of anisotropy is not a problem. On the other hand, even if the anisotropy produced by the super inflation epoch is a very large quantity, the following inflation epoch is very likely to cancel it.
